We prove that the set of n-point configurations for which the solution of the planar Steiner problem is not unique has Hausdorff dimension at most 2n − 1. Moreover, we show that the Hausdorff dimension of the set of n-point configurations on which at least two locally minimal trees have the same length is also at most 2n − 1. Methods we use essentially require certain analytic structure and finiteness to prove a general result for the Steiner problem in a complete Riemannian analytic manifold under some a priori assumptions.
Introduction
We consider Steiner tree problem in the following from: Problem 1. For a given finite set P ⊂ R 2 find a connected set St(P ) with minimal length (one-dimensional Hausdorff measure) containing P .
In the most general form the problem is to connect a (not necessarily finite or countable) set of subsets of an arbitrary metric space in a minimal way.
It is well-known [5] that a solution of the Problem 1 exists and any solution is a tree with straight edges and all the angles at least 2π/3 (and hence with maximal degree 3). It implies that a Steiner tree for n given points has at most 2n − 2 vertices; tree with exactly 2n − 2 vertices is called full. The given points are called terminals. The additional points are called Steiner points or branching points; every such point has a neighbourhood in which the solution is a tripod with pairwise angles equal to 2π/3. Note that the solution may be not unique. It turns out that this problem is NP-complete [4] . The reason is that the number of possible combinatorial types grows very fast (see [6] ).
Let us consider a labeled n-point configuration x 1 , . . . , x n as an element of R 2n . Note that every point of P := R 2n \ diag, where diag is a union of (2n − 2)-dimensional planes x i = x j , corresponds to some labeled nondegenerate configuration; so P is our configuration space.
A combinatorial type is an abstract labeled tree with a cyclic order on vertices such that there is a plane embedding with this order. For example, if n = 3 there are 4 combinatorial types: the tripod and 3 paths with different middle vertices. Obviously, a combinatorial type may be not realizable for a given configuration: for instance for a configuration of terminals forming a very obtuse triangle (i.e. with an angle greater than 2π/3) it is not possible to connect them using the tripod combinatorial type. It is known [8] that if a combinatorial type is realizable for a configuration then the realization is unique. Also, a combinatorial type may be realized but not as minimal (for instance, if the terminal points on Figure 1 form a rectangle close to a square, then one of the configurations will give a shorter tree). We are interested in the way realizations and minimal realizations of different types divide the configuration space.
The question in this form appears in [3] . The mentioned paper proves the connectedness of some sets, related to a combinatorial type T . Note that for every type T the corresponding set of configurations Ω(T ) ⊂ P for which T is realizable is connected.
Theorem 1 (Edelsbrunner, Strelkova, [3] ). The set of points min(T ) for which a combinatorial type T gives a minimal tree is connected.
Theorem 2 (Edelsbrunner, Strelkova, [3] ). The set of points umin(T ) for which a combinatorial type T gives the unique minimal tree is connected.
Structure of the paper. This paper is devoted to the way how different combinatorial types split P. The paper is organized as follows. In Section 2 we show how to find a path in P connecting given combinatorial types. Section 3 is devoted to the statement of the main result and the outline of its proof. Section 4 contains an application of a general technique to our setting.
Canonical realization
Let us define the tree T ∞ , the vertices V (T ∞ ) of which are the empty word and all finite 0-1 words; edges connect every pair of words A and B such that A is a prefix of B and |A| + 1 = |B|, where |A| denotes the length of the word A.
Paolini, Stepanov and Teplitskaya [11] provided a configuration (totally disconnected uncountable set) for which T ∞ is the unique minimal Steiner tree. Obviously, any subtree of T ∞ is the unique minimal solution for its terminals, otherwise there is a replacement which contradicts to the minimality or uniqueness of T ∞ . This tree is universal, i.e. for every combinatorial type T there is a configuration P ⊂ V (T ∞ ) such that there is a unique solution S of the Steiner problem for P and S is a subset of T ∞ . Let us consider minimal such subset P in the lexicographical order. So every finite tree has the canonical realization. Also there is a stability result for the embedding any finite subtree of T ∞ (see [11] ), which implies that every min(T ) ⊂ P has a positive measure.
Let T 1 and T 2 be a different combinatorial types on n points (it means n ≥ 3). Then we can find a path γ in P such that γ(0) has the unique solution of type T 1 and γ(1) has the unique solution of type T 1 , and also we know the unique minimal tree in every intermediate configuration.
First, while we have a terminal point A of degree 3 we move it inside the tree in a neighbourhood of any leaf B and then turn the segment [AB] around A such that in the end ∠B = 2π/3. Then while the tree is not full we turn one of the parts around the terminal of degree two as shown at the right two parts of Fig. 2 . Now let us show how to swap to points A and B in a full tree. If A is a leaf, connected with a branching point, then we can hide it inside the tree as shown in Pic. 2. Note that movement of a point which is inside the → → A A A Figure 2 : How to hide a terminal inside the tree tree does not changes it structure. If n > 3, then we can hide point A inside the tree and move it to any vertex that not lied in the path between A and B in the initial tree. Then we can hide B and put it on the initial place of A. If n = 3 our strategy is shown in Pic. 2. Note that all actions are reversible so after swapping A and B in the full tree we make inverse actions to get the initial tree with swaped A and B. 
Ambiguous configurations
We say that configuration P is ambiguous if there are several minimal Steiner trees for P . Ivanov and Tuzhilin proved [7] that the complement to the set of ambiguous configurations contains a dense open set. Edelsbrunner and Strelkova asked whether the measure of ambiguous configurations is zero or not. We prove a stronger statement.
Theorem 3. The set of planar ambiguous configurations has Hausdorff dimension at most 2n − 1.
Theorem 3 follows from the general Theorem 5 and some additional planar arguments. First, it turns out that combinatorial trees encode solutions in a very general setting.
Theorem 4 (Paolini-Stepanov, [10] ). Let X be a proper metric space, Q be a finite subset of X, and S be any solution for Q. Then the following holds:
(ii) S \ Q has a finite number of connected components, each component has strictly positive length, and the closure of each component is a finite geodesic embedded graph with endpoints in Q;
(iii) S contains no closed loops (homeomorphic images of S 1 );
(iv) the closure of every connected component of S is a topological tree with endpoints in Q, and all the branching points having finite degree.
Now we are ready to state the following general theorem. Further sections are devoted to its proof.
Theorem 5. Let X be a real analytic manifold with complete Riemannian metric that depends analytically on a point. Let U ⊂ X n be an open set such that for each set of distinct points (P 1 , . . . , P n ) ∈ U two distinct types T 1 , T 2 can be realized as a local minimal tree in a finite number of ways. Let W ⊂ U be the subset consisting of those P 1 , . . . , P n for which one can realize T 1 , T 2 so that they have an equal length. Then either dim H W < n dim X or Int(W ) = 0 and dim H ∂W < n dim X.
Planar features
Recall [8] that if a combinatorial type is realizable for a planar configuration then the realization is unique. Denote by F T the planar length function of the realization of a combinatorial type T .
Lemma 1. The function F T is real analytic.
It follows from the following folklore Maxwell-type formula.
Theorem 6. For every full combinatorial type T and for every (p 1 , . . . , p n ) ∈ Ω(T ) function F T satisfies
where c i ∈ C depend only on T .
Proof
On the other hand, if v i is a branching point then the corresponding sum of exponents is zero, so we have only sum over terminals with coefficients from the complex unit circle, conjugated to the direction of the tree at terminal point.
Note that π/3 divides all the angles between the directions in terminals, and those angles depend only on T . So one can fix the coefficients
where (v 1 , . . . , v 2n−2 ) is a fixed realization, and the formula will hold for any realization of the same type.
Now Lemma 1 follows from applying Theorem 6 to every full component of T .
So by Lemma 1 we can use Theorem 5 in the planar case. We got that either Theorem 3 holds or we have two combinatorial types T 1 and T 2 such that F T1 = F T2 on a connected component of Ω(T 1 ) ∩ Ω(T 2 ). Suppose that the latter possibility holds. Note that Ω(T ) is an open set, so following the proof of Theorem 6 we obtain that T 1 and T 2 are codirected in terminals. This contradicts the following beautiful theorem proved by Oblakov [9] . Theorem 7. There are no two combinatorial types T 1 and T 2 and point P ∈ Ω(T 1 ) ∩ Ω(T 2 ) such that the realizations of T 1 and T 2 on P are codirected at terminals.
4 Dimension of the set of pairs of Steiner trees of equal length.
Uniformization of real analytic varieties.
Recall that a subset Z of a real analytic manifold M is caller a real analytic variety if for any x ∈ M there exists a neighborhood U of x and real analytic functions f 1 , . . . , f k : U → R such that Z ∩ U is cut off by equations f 1 = · · · = f k = 0. As usual we call a point x ∈ Z smooth if U and f 1 , . . . , f k can be chosen in such a way that ∇f 1 (x), . . . , ∇f k (x) are linearly independent. In this case dim x Z = k. Notice that the set of smooth points is an open subset of Z. As it follows from [1, Section 2] (see in particular Remark 2.12) this subset is always non-empty. In particular we can define dim Z := max Z is smooth at x dim x Z.
As in the case of complex varieties there exists a resolution of singularities of each real analytic variety:
Theorem 8. Let M be a real analytic manifold and Z ⊂ M be a real analytic subvariety. Then there exists a real analytic manifold N such that dim Z = dim N and a proper analytic mapping f :
Proof. It follows from Theorem 5.1 in [1] .
Using this result it is not hard to derive our main result on the dimension of the set of pairs of Steiner trees with equal length as we do in the next subsection.
Application to Steiner trees
Throughout this section we fix a real analytic manifold X with a Riemann metric d such that 1) d depends analytically on the point of X, 2) (X, d in ) is a complete metric space; here d in : X × X → R ≥0 is the intrinsic metric induced by d. Note that the property 2) implies that (X, d in ) is a proper metric space. Denote by exp P : T P X → X the exponential map defined with respect to d. Due to Hopf-Rinow theorem the map exp P is everywhere defined. Moreover, due to standard results (see [2, Section 8] ) on the dependence of a solution of differentials equations on initial conditions the map exp P is analytic on T P X 0.
Let an integer n > 1 be given and let T be a combinatorial type of a Steiner tree that solves a Steiner problem for n points in the metric space (X, d in ). Suppose that T has m branching vertices. Choose a root of T and run breadth-first search algorithm with this root. Given v ∈ V (T ) let N (v) be the set of neighbor vertices that follow after v. Let X (T ) be the subset of
Using that exp P is real analytic at each non-zero point of T P X one easily sees that the structure of a real analytic manifold on X induces the structure of a real analytic manifold on X (T ). In fact if v 0 is the root of T then the position of P v0 together with the set {w v,v } v∈V (T ),v ∈N (v) completely determine a point in X (T ). Thus, given a point (P 0 , w 0 ) ∈ X (T ), a local coordinate map φ near P 0 v0 and trivializations φ v of T M in neighborhoods of each P 0 v one can take local coordinates near P 0 v0 together with vectors φ v (w v,v ) as coordinates on X (T ) near (P 0 , w 0 ). Notice that each point of X (T ) corresponds to an immersion of T into X such that all the vertices are mapped to different points and all the edges correspond to geodesics. If the combinatorial type T realizes then the realization obviously lies among such embeddings so the set of all Steiner trees of the type T forms a subset of X (T ). We introduce the notation for this subset:
X S (T ) := {(P, w) ∈ X | the corresponding tree in X has a locally minimal length} .
As we will see below X S (T ) is a real analytic subvariety. This is a key point for the main result of this section. Define the function F T : X (T ) → R + by
Notice that F T is a real analytic function due to the property 1) of the metric. F T (P, w) is exactly the length of the immersed tree.
Lemma 2. Let U ⊂ R
k be an open set and F : U → R be a real analytic function. Let E = {x ∈ U | ∇F (x) = 0} and E min = {x ∈ E | x is a local minimum of F }. Then E min is an open subset of E.
Proof. Applying Theorem 8 to the real analytic variety E and using the fact that ∇F | E ≡ 0 we find that F is constant on connected components of E. Assume now that x ∈ E min is a boundary point so that there exists a sequence x l → x such that x l ∈ E E min and x l belong to the same connected component as x does. It follows that for each l one can find y l ∈ U such that |x l − y l | < l −1 and F (y l ) < F (x l ). But since F (x) = F (x l ) for any l we conclude that for any ε > 0 one can find l such that F (x) < F (y l ) and |x − y l | < ε which contradicts the fact that x ∈ E min .
For each (P, w) ∈ X (T ) let π T (P, w) ∈ X n be the set of terminal vertices, so that π T : X (T ) → X n is the projection that disregards the tree.
n be an open set and assume that for each (P 1 , . . . , P n ) the combinatorial type T can be realized in finitely many ways. Then the set X S (T ) ∩ π
Proof. Assume for convenience that the root v 0 of T is a terminal vertex. Given a point (P, w) ∈ X (T ) ∩ π −1 T (U ) let w branch := {w v,v | v is a branching vertex} be the subset of formal variables of F T (P, w). Let φ(P v0 ), φ v (w v,v ) be the coordinates near (P, w) constructed as above. Consider the variety E ⊂ X (T ) ∩ π −1 (U ) given by equations ∇ w branch F T = 0 and let Y be a set where φ(P v0 ) and φ v (w v, v ) over all terminals v are constant. Due to Lemma 2 the set X S ∩ Y is an open subset of E ∩ Y . On the other hand due to our finiteness assumption the subset X S (T ) ∩ Y of E ∩ Y is finite and hence closed. We conclude that it is a union of some connected components of E ∩ Y . Since Y is arbitrary it follows that X S ∩ π −1 (U ) is a union of some connected components of E. But a connected component of a variety is itself a variety.
Suppose now that we are given two combinatorial types T 1 , T 2 for n-point Steiner problem. Our goal is to show that the set where both types T 1 and T 2 can be realized in such a way that the corresponding trees have equal length is either negligible or has a non-empty interior.
n be an open set such that for each set of distinct points (P 1 , . . . , P n ) ∈ U both T 1 , T 2 can be realized in finitely many ways. Let W ⊂ U be the subset consisting of those P 1 , . . . , P n for which one can realize T 1 , T 2 so that they have an equal length. Then either dim H W < n dim X or Int(W ) = 0.
Proof. We introduce the space
The proof of the fact that X is a real analytic manifold is straightforward. As a set X is exactly the set of all pairs of trees of types T 1 and T 2 with a common set of terminal vertices in U . We denote by π(P, w, Q, u) this set of vertices, so π : X → U is the projection that disregards the trees. Let F 1 , F 2 : X → R + be the pullbacks of F T1 and F T2 and let X S := {(P, w, Q, u) ∈ X | (P, w) ∈ X S (T 1 ) and (Q, u) ∈ X S (T 2 )} .
Notice that π : X S → U is finite. Now consider the subvariety Z ⊂ X S cut off by the equation F 1 = F 2 . The variety Z is exactly the variety parametrizing those (P, w, Q, u) for which trees corresponding to (P, w) and (Q, u) are of locally minimal lengths and have the same length. In particular W = π(Z). Using Theorem 8 we can find a real analytic manifold N and a proper analytic mapping f : N → X such that f (N ) = Z and dim N = dim Z (recall the definition of the dimension given in (1)). Suppose first that dim N < dim X n . Then, using that f is proper and π : X S → U is finite we find that dim H W = dim H π(f (N )) ≤ dim H N < dim X n . Now assume that dim N ≥ dim X n and pick a smooth point z ∈ Z such that dim z Z ≥ dim X n . Pick a small neighborhood V ⊂ X of z and set Y = Z ∩ V . Define 1 -map so that γ (t) = v(γ(t)). It is easy to see that the curve γ([0, ε]) belongs to a fiber of π and, in particular, there exists P ∈ X (n) such that there are infinitely many ways to realize T 1 or T 2 for P which contradicts our finiteness assumption. It follows that D Y has empty interior in Y . Notice that D Y is actually a real analytic subvariety of the manifold Y . It follows that dim D Y < dim Z. Since dπ is non-degenerate at each point of Y outside a proper subvariety we find that dim Z = dim X n , and also Int(W ) = ∅.
